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Abstract 

The degenerate affine and affine BMW algebras arise naturally in the context of Schur- 
Weyl duality for orthogonal and symplectic Lie algebras and quantum groups, respectively. 
Cyclotomic BMW algebras, affine Hecke algebras, cyclotomic Hecke algebras, and their de- 
generate versions are quotients. In this paper the theory is unified by treating the orthogonal 
and symplectic cases simultaneously; we make an exact parallel between the degenerate affine 
and affine cases via a new algebra which takes the role of the affine braid group for the de- 
generate setting. A main result of this paper is an identification of the centers of the affine 
and degenerate affine BMW algebras in terms of rings of symmetric functions which satisfy 
a "cancellation property" or "wheel condition" (in the degenerate case, a reformulation of 
a result of Nazarov). Miraculously, these same rings also arise in Schubert calculus, as the 
cohomology and K-theory of isotropic Grassmanians and symplectic loop Grassmanians. We 
also establish new intertwiner-like identities which, when projected to the center, produce 
the recursions for central elements given previously by Nazarov for degenerate affine BMW 
algebras, and by Beliakova-Blanchet for affine BMW algebras. 

AMS 2010 subject classifications: 17B37 (17B10 20C08) 
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1 Introduction 

The degenerate affine BMW algebras Wfc and the affine BMW algebras Wk arise naturally in the 
context of Schur-Weyl duality and the application of Schur functors to modules in category O for 
orthogonal and symplectic Lie algebras and quantum groups (using the Schur functors of [Zej . 
[ASj . and [OR] ) . The degenerate algebras Wk were introduced in [Naz] and the affine versions 
Wk appeared in |ORj . following foundational work of |Halj - [Ha3] . The representation theory of 
Wfc and Wk contains the representation theory of any quotient: in particular, the degenerate 
cyclotomic BMW algebras }Vr,k, the cyclotomic BMW algebras VFr.fc, the degenerate affine Hecke 
algebras Hk, the affine Hecke algebras Hk, the degenerate cyclotomic Hecke algebras T-Lr,ki and 
the cyclotomic Hecke algebras H^^k as quotients. The representation theory of the affine BMW 
algebras is an image of the representation theory of category O for orthogonal and symplectic 
Lie algebras and their quantum groups in the same way that the affine Hecke algebras arise in 
Schur-Weyl duality with the enveloping algebra of gl^ and its Drinfeld-Jimbo quantum group. 

In the literature, the algebras Wk and Wk have often been treated separately. One of the 
goals of this paper is to unify the theory. To do this we have begun by adjusting the definitions 
of the algebras carefully to make the presentations match, relation by relation. In the same 
way that the affine BMW algebra is a quotient of the group algebra of the affine braid group, 
we have defined a new algebra, the degenerate affine braid algebra which has the degenerate 
affine BMW algebra and the degenerate affine Hecke algebras as quotients. We have done this 
carefully, to ensure that the Schur-Weyl duality framework is completely analogous for both the 
degenerate affine and the affine cases. We have also added a parameter e (which takes values 
±1) so that both the orthogonal and symplectic cases can be treated simultaneously. Our new 
presentations of the algebras Wk and Wk are given in section [2l 

In section [3] we consider some remarkable recursions for generating central elements in the 
algebras Wk and Wk- These recursions were given by Nazarov |Nazj in the degenerate case, 
and then extended to the affine BMW algebra by Beliakova-Blanchet [BBj . Another proof in 
the affine cyclotomic case appears in |RX2[ Lemma 4.21] and, in the degenerate case, in |AMRl 
Lemma 4.15]. In all of these proofs, the recursion is obtained by a rather mysterious and tedious 
computation. We show that there is an "intertwiner" like identity in the full algebra which, 
when "projected to the center" produces the Nazarov recursions. Our approach dramatically 
simplifies the proof and provides insight into where these recursions are coming from. Moreover, 
the proof is exactly analogous in both the degenerate and the affine cases, and includes the 
parameter e, so that both the orthogonal and symplectic cases are treated simultaneously. 

In section |4] we identify the center of the degenerate and affine BMW algebras. In the 
degenerate case this has been done in |Nazj . Nazarov stated that the center of the degenerate 
affine BMW algebra is the subring of the ring of symmetric functions generated by the odd 
power sums. We identify the ring in a different way, as the subring of symmetric functions 
with the Q-cancellation property, in the language of Pragacz |Pr| . This is a fascinating ring. 
Pragacz identifies it as the cohomology ring of orthogonal and symplectic Grassmannians; the 
same ring appears again as the cohomology of the loop Grassmannian for the symplectic group 
in |LSSt ILaj : and references for the relationship of this ring to the projective representation 
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theory of the symmetric group, the BKP hierarchy of differential equations, representations of 
Lie superalgebras, and twisted Gelfand pairs are found in [Mac! Ch. II §8]. For the affine BMW 
algebra, the Q-cancellation property can be generalized well to provide a suitable description of 
the center. From our perspective, one would expect that the ring which appears as the center 
of the affine BMW algebra should also appear as the K-theory of the orthogonal and symplectic 
Grassmannians and as the K-theory of the loop Grassmannian for the symplectic group, but we 
are not aware that these identifications have yet been made in the literature. 

This paper is part of a more comprehensive work on affine and degenerate affine BMW 
algebras. In future work [DRV] we may: 

(a) set up the commuting actions between the algebras Wk and Wk and the enveloping algebras 
of orthogonal and symplectic Lie algebras and their quantum groups, 

(b) show how the central elements which arise in the Nazarov recursions coincide with central 
elements studied in Baumann |Bau| . 

(c) provide a new approach to admissibility conditions by providing "universal admissible 
parameters" in an appropriate ground ring (arising naturally, from Schur-Weyl duality, as 
the center of the enveloping algebra, or quantum group), 

(d) classify and construct the irreducible representations of Wk and by multisegments, and 

(e) define Khovanov-Lauda-Rouquier analogues of the affine BMW algebras. 

Many parts of this program are already available in the works of Goodman, Rui, Wilcox- Yu, and 
others (see, for example, [RSl]-[RS2]. [RXT] - [RX2] . [Gol]-[Go3], [GHT] - [GH3] . [WYT] - [WY2] . 
[Yuj ) . Some parts of our work are also available at |Raj . 

Acknowledgements: Significant work on this paper was done while the authors were in res- 
idence at the Mathematical Sciences Research Institute (MSRI) in 2008, and the writing was 
completed when A. Ram was in residence at the Hausdorff Insitute for Mathematics (HIM) in 
2011. We thank MSRI and HIM for hospitality, support, and a wonderful working environment 
during these stays. This research has been partially supported by the National Science Founda- 
tion (DMS-0353038) and the Austrahan Research Council (DP-0986774). We thank S. Fomin 
for providing the reference [Prj and Fred Goodman for providing the reference |BBj . many in- 
formative discussions, detailed proofreading, and for much help in processing the theory around 
admissibility conditions. We thank J. Enyang for his helpful comments on the manuscript. 

2 Affine and degenerate affine BMW algebras 

In this section, we define the affine Birman-Murakami-Wenzl (BMW) algebra Wk and its degen- 
erate version Wk- We have adjusted the definitions to unify the theory. In particular, in section 
12. H we define a new algebra, the degenerate affine braid algebra Bk, which has the degenerate 
affine BMW algebras Wk and the degenerate affine Hecke algebras Tik as quotients. The moti- 
vation for the definition of Bk is that the affine BMW algebras Wk and the affine Hecke algebras 
Hk are quotients of the group algebra of affine braid group CBk- 

The definition of the degenerate affine braid algebra Bk also makes the Schur-Weyl duality 
framework completely analogous in both the affine and degenerate affine cases. Both Bk and 
CBk are designed to act on tensor space of the form M^V'^^. In the degenerate affine case this 
is an action commuting with a complex semisimple Lie algebra g, and in the affine case this is 
an action commuting with the Drinfeld-Jimbo quantum group UqQ. The degenerate affine and 
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affine BMW algebras arise when g is so„ or sp„ and V is the first fundamental representation 
and the degenerate affine and affine Hecke algebras arise when g is gl^ or and V is the first 
fundamental representation. In the case when M is the trivial representation and q is so„, the 
"Jucys-Murphy" elements yi, . . . ,yk in Bk become the "Jucys-Murphy" elements for the Brauer 
algebras used in |Nazj and, in the case that g = g[„, these become the classical Jucys-Murphy 
elements in the group algebra of the symmetric group. The Schur-Weyl duality actions are 
explained in jPRVj and |Raj . 

2.1 The degenerate afRne braid algebra Bk 

Let C be a commutative ring, and let denote the symmetric group on {!,..., /c}. For 
i G {1, . . . ,k}, write Sj for the transposition in Sk that switches i and i + 1. The degenerate 
affine braid algebra is the algebra over C generated by 

tu (uGSfc), Ko,Ki, and yi,...,yk, (2.1) 

with relations 

tutv = tuv, yiyj = yjyi, «^o«^i = ^ikq, Koyi = yiKo, Kiyi = yiKi, (2.2) 

Kotsi=ts^Ko, Klts^Kltsi = ts^Klts^Kl, and Kltgj = tgjKl, foT j ^ 1, (2.3) 

tsAyi + = (yi + yi+i)is,, and yjts^ = ts.yj, for j / i,i + 1, (2.4) 

and 

is,*s,+i7i,i+i^s,+i*s, = 7i+i,i+2, where 7^,^+1 = y^+i - ts^yi^s, for i = 1, . . . , A; - 2. (2.5) 

In the degenerate affine braid algebra Bk let cq = kq and 

Cj = Ko + 2{yi + ... + yj), so that yj = ^{cj - cj^i), for j = 1, . . . , A;. (2.6) 

Then cq, . . . ,Ck commute with each other, commute with ki, and the relations (12. 4p are equivalent 
to 

tsiCj = Cjts^, for j i. (2.7) 
Theorem 2.1. T/ie degenerate affine braid algebra Bk has another presentation by generators 
tu,forueSk, Ko,...,Kk and -fij, for < i, j < k with i ^ j , (2.8) 
and relations 

tuty — tuvi t-wf^itw^^ ~ ^w{i)j ^uiTij^iu^i ~ ) (2-9) 

KiKj = KjKi, l^i^£,m — ^i,ml^ij (2.10) 

7ij = 7j,j) 7p,r7^,m = 'le,mlp,r, and li.j{li,r + 1j,r) = (7i,r + lj,rhi,j, (2-11) 

for p ^ I and p ^ m and r ^ i and r ^ m and i ^ j, i ^ r and j ^ r. 

The commutation relations between the Ki and the 7jj- can be rewritten in the form 

K,7Am]=0, [7ij,7f,m] = 0, and [li,j-,li,m] = [li,m-,lj,m]-, (2-12) 

for all r and all i i and i ^ m and j ^ I and j ^ m. 
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Proof. The generators in (j2.8p are written in terms of the generators in (|2.ip by the formulas 

Kq = Kq, Ki = Ki, tw = tw, (2-13) 

70,1 = yi - ^Ki, and = Vj+i - ts^Vjigj , for j = 1, . . . , /c - 1, (2.14) 

and 

Hm = tui^itu-i , 7o,m = tu7o,itu-i and = tv7i,2tv-i , (2-15) 

for u,v G Sk such that n(l) = m, v{l) = i and v{2) = j. 

The generators in (12. ip are written in terms of the generators in (|2.8p by the formulas 

Ko = Ko, Ki = Ki, tw = tw, and = i^^- + ^ 7^_j-. (2.16) 

0<^<j 

Let us show that relations in (2.2-5) follow from the relations in (2.9-2.11). 

(a) The relation tuty = tuv in (|2.2p is the first relation in (j2.9p . 

(b) The relation y^yj = t/ji/i in (12. 2p : Assume that i < j. Using the relations in (I2.10p and 

(EH]), 

{yi,yj] = il^i + ^ie,i, + 7m,i] = 7mj] 

(c) The relation kqKi = kiKq in (|2.2p is part of the first relation in (j2.10p . and the relations 
f^oUi = yi'^o and Kiyi = yiKi in (12. 2p follow from the relations KjKj = KjKj and nt^i^m = 
je^mKi in (|2.10p . 

(d) The relations Ko^Si = ^si^o and Kits = tg ki for j ^ I from (j2.3p follow from the relation 
twKit~^ = in (12. op . and the relation Kitsi^itsi = from (12. Sp follows from 

= which is part of the first relation in (j2.10p . 

(e) The relations in (12. 4p and (12. 5 p all follow from the relations tw^it^-i = K^(^i) and tw'Jijt^-i = 

To complete the proof let us show that the relations of (2.9-11) follow from the relations in 
(2.2-5). 

(a) The relation tuty = t^v in (|2.9p is the first relation in (j2.2p . 

(b) The relations t^Kjt^-i = K^^^j) in ()2.9p follow from the first and last relations in ()2.3p (and 
force the definition of in (j2.15p ). 

(c) Since 70,1 = yi — the relations tw^Qjt^-i = 7o,«)(j) in (|2.10p follow from the last 
relation in each of (]2.3p and (j2.4p (and force the definition of 7o,m in ()2.15p ). 

(d) Since 71^2 = 2/2 — tsi2/itsi) the first relation in (j2.4p gives 

t^ii7i,2tsi - 71,2 = {tsiy2tsi - yi) - 2/2 + ts^yitsi = ts^ {yi + y2)tsi - {yi + 2/2) = 0. (2.17) 

The relations t«,7i,2tw-i = 7«)(i),«)(2) in (|2.9p then follow from (j2.17p and the last relation 
in (12. 4p (and force the definitions ^jij = tyji^2tv-t- in (I2.15P ). 
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(e) The third relation in (|2.2p is hqKi = kiKq and the second relation in (j2.3p gives K1K2 = 
K2K1. The relations (j2.10|) then follow from the second set of relations in 

(f) The second relation in (j2.3p gives [ki, ^2] = 0. Using this and the relations in (j2.2p . 

K, 70,2 + 71,2] = K, (y2 - - 71,2) + 71,2] = |k2] = 0, (2.18) 

and 

[70,1,70,2 + 71,2] = [yi - ^K,i,y2 - 1^2] = j[ki,k2] = 0, (2.19) 

so that 

[70,1,^2] = [70,1,2^2 - 2(70,2 + 71,2)] = [70,1,2^2] = [yi - 5^1,27/2] = -[Ki,y2] = 0. 
Conjugating the last relation by tg^ gives 

[«^i,7o,2] = 0, and thus [^1,71,2] = 0, 
by ([238]) . By the third and fourth relations in (f2:2|) . 

[«;o,7o,i] = [^0,^1 - ^Ki] = 0, and [k^, 70,1] = [ki, yi - ^ki] = 0. 
By the relations in (H^]) and (lOl . 

[no,'yi,2\ = [no,y2-tsiyitsi]=0 and [^1,72,3] = [«:i,y3 - ^52^2*52] = 0. 

Putting these together with the (already established) relations in (j2.9p provides the second 
set of relations in (|2.10p . 

(g) From the commutativity of the yi and the second relation in ()2.4p 

71,273,4 = (?/2 - ts-^yitsi)(,y4 - tssysts.^) = (^4 " ts.^yzts-^){y2 - tsj_yitsi) = 73,471,2- 

By the last relation in (j2.2p and the last relation in ()2.3p . 

[70,1,72,3] = [yi - |«^i,y3 - ts2y2ts2] = o. 

Together with the (already established) relations in (|2.9p , we obtain the first set of relations 
in PTTTD . 

(h) Conjugating (j2.19p by ts2^si^s2 gives [70,2,70,3 +72,3] = 0, and this and the (already 
established) relations in (j2.10p and the first set of relations in (j2.1ip provide 

= [2/2, ys] = [^K2 + 70,2 + 71,2, + 70,3 + 71,3 + 72,3] 

= [70,2 + 71,2, 70,3 + 71,3 + 72,3] = [71,2, 70,3 + 71,3 + 72,3] = [71,2, 71,3 + 72,3]- 
Note also that 

[71,2,71,0 + 72,0] = [71,2,70,1 +70,2] = -[70,1,71,2] + [71,2,70,2] 

= [70,1,70,2] + [71,2,70,2] = isi[7o,2 + 7i,2,7o,i]isi = 0, 

by (two applications of) (I2.19p . The last set of relations in (|2.1ip now follow from the last 
set of relations in (12. 9D. 



□ 

By the first formula in ()2.6p and the last formula in ()2.16p . 

j 

cj = 5^Ki + 2 ^e,m. (2.20) 

1=0 0<e<m<j 
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2.2 The degenerate afRne BMW algebra Wk 

Let C be a commutative ring and let Bk be the degenerate afRne braid algebra over C as defined 
in Section 12. 1[ Define in the degenerate affine braid algebra by 

ts.Vi = Vi+its, - {I - ei), for i = 1,2, . . . , /c - 1, (2.21) 

so that, with 7j,j+i as in ()2.5p . 



1i,i+itsi = 1 - ej. (2.22) 

Fix constants 

e = ±1 and ^ for £ G Z>o. 

The degenerate affine Birman-Wenzl- Murakami (BMW) algebra Wk (with parameters e and z^^) 
is the quotient of the degenerate affine braid algebra by the relations 

&itsi — tsi&i — CCj, (^itsi-jf^i — (^iisi^i^^i — (2.23) 

eiyfei = 4^^ei, ei{yi + y^+i) = = (y^ + yi+\)ei. (2.24) 
Conjugating p.2ip by tc,- and using the first relation in p.23p gives 

Vits, = ts^Vi+i - (1 - Cj). (2.25) 

Then, by (|2:22D and (|23]) . 

7t,i+i = - eej, and e^+i = ts-tsi+^eitsi+itsi. (2.26) 

Multiply the second relation in (j2.26p on the left and the right by Cj, and then use the relations 
in (pr^Hjl to get 



SO that 

ejCjiiej = Cj. Note that = z^^^ei (2.27) 

is a special case of the first identity in (12.24p . The relations 

Gi+iCi = ej+itsi^si+i, ejCj+i = tsi+iisiCj+i, (2.28) 
tsiGi+iei = tsi+iCi, and ei+iCits^^^ = ej+it^. (2.29) 

result from 

^siCj-(_i6j — e tg^ei^itg^ei — e tg^_^_-^eitg^_^_-^^ei — ^si+jfii) and 

Remark 2.2. A consequence (see ()3.7p ) of the defining relations of Wfc is the equation 

{zo{-u) - (i + eu)) {zo{u) - (i -eu)) ei = (i - en) (i + en)ei, 
where zo(i*) is the generating function 

This means that, unless the parameters Zq are chosen carefully, it is likely that ei = in Wfc. 



Remark 2.3. From the point of view of the Schur-Weyl duahty for the degenerate affine BMW 
algebra (see [ASj and |Raj ) the natural choice of base ring is the center of the enveloping algebra 
of the orthogonal or symplectic Lie algebra which, by the Harish-Chandra isomorphism, is 
isomorphic to the subring of symmetric functions given by 

C = {z € C[hi, . . . , hr]^'~ I z{hi, . . . , hr) = z{ — hi, /l2, • • • , hr)}, 



where the symmetric group Sr acts by permuting the variables hi, . . . ,hr. Here the constants 

notion 

(u + i + /ii)(n + i-/ii) 



in (z C are given, explicitly, by setting the generating function 



zo{u) equal, up to a normalization, to JJ 



This choice of C and the Zq are the universal admissible parameters for Wfc- This point of view 
will be explained in |DRVj . 

Remark 2.4. Careful manipulation of the defining relations of Wfc provides an inductive pre- 
sentation of Wk as 

and provides that 

ekyVkek = Wk-iek, and 

b I — y ekbek 

is a (Wfc_i, yVfc_i)-bimodule homomorphism. These structural facts are important to the under- 
standing of Wfc by "Jones basic constructions" . Under the conditions of Theorem l4.1( a) it is true, 
but not immediate from the defining relations, that the natural homomorphism Wk-i Wfc is 
injective so that Wk~i is a subalgebra of Wk- These useful structural results for the algebras 
Wk are justified in [AMR] , 

2.2.1 Quotients of Wfc 

The degenerate affine Hecke algebra Tik is the quotient of Wk by the relations 

e^ = 0, for i = 1,...,A:- 1. (2.30) 

Fix bi, . . . ,br € C. The degenerate cyclotomic BMW algebra Wr,fe(6i, . . . ,br) is the degenerate 
affine BMW algebra with the additional relation 

{yi - 6i) • • • {yi - br) = 0. (2.31) 

The degenerate cyclotomic Hecke algebra Hr^kibi, ■ ■ ■ ,br) is the degenerate affine Hecke algebra 
T-Lk with the additional relation (j2.3ip . 

Remark 2.5. Since the composite map C[yi,...,yk] Bk ^ Wk Hk is injective (see 
|KH Theorem 3.2.2]) and the last two maps are surjections, it follows that the polynomial ring 
C[yi, . . . ,yk] is a subalgebra of Bk and Wk- 

Remark 2.6. A consequence of the relation (|2.3ip in Wr,k{bi, - - - ,br) is 

{zoin) + n - i) ei = (n - i(-l)^) (^fj ^) (2-32) 
This equation makes the data of the values bi almost equivalent to the data of the Zq . 
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2.3 The afRne braid group Bk 

The affine braid group is the group given by generators Ti,T2, . . . ,Ti^-i and X^'^, with 
relations 



TT- — TT- 

X''Ti = TiX'\ 



if j/i±l, 
fori = l,2,...,A;-2, 

for z = 2, 3, . . . , /c — 1. 



(2.33) 
(2.34) 
(2.35) 
(2.36) 



The affine braid group is isomorphic to the group of braids in the thickened annulus, where the 
generators Tj and are identified with the diagrams 



i i+l 



IIIKII 



and X- 



mill 



(2.37) 



For i = 1, . . . , /c define 



X'^ = Ti.^i_2 ■ ■ ■ TaTiX^iTiTa • ■ ■ T^.aT, 



i-2-Li-l — C 



i i i i \ 



II 



(2.38) 



The pictorial computation 



X'^X^' 



C 



-T-H-P T T 



c 



c 

C 



-M-^ MM 



i i i i ^ i 1 



X^'X'i 



shows that the X^' all commute with each other. 
2.4 The affine BMW algebra Wk 

Let C be a commutative ring and let CB^ be the group algebra of the affine braid group. Fix 
constants 

q,zeC and Z^^^ G C, for i € Z, 
with q and 2 invertible. Let Yi = zX^' so that 

Yi = zX'\ Yi = T,_iY,_iTi_i, and y^y^- = y^y^, forl<i,j<fc. (2.39) 

In the affine braid group 

TiYiYi+i = YiYi+iT,. (2.40) 

Assume that q — is invertible in C and define Ei in the group algebra of the affine braid 
group by 

TiYi = Yi+iTi -{q- q-^)Yi+i{l - E,). (2.41) 
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The affine BMW algebra Wk is the quotient of the group algebra CB^ of the affine braid group 
Bk by the relations 

EiT^^ = Tf^E, = z^^Eu EiTf_}^Ei = E,T^^\Ei = z^^E,, (2.42) 

EiYIEi = zif^Ei, EiY^i+i = Ei = Y^i+iE,. (2.43) 
Since Yi^\{TiY,)Y,+i = Y.-\YiYi+iT, = Y^Ti, conjugating by Y^\ gives 

Y-Ti = TiYi+i ~ (g - q-'){l - Ei)Yi+i. (2.44) 

Left multiplying (j2.4ip by Y^~^\ and using the second identity in (j2.39p shows that (|2.4ip is 
equivalent to Tj — = {q — — Ei), so that 

Ei = l- ^'^2^\ and TiT,+iE,T-^\Tr^ = E,+i. (2.45) 

Multiply the second relation in (j2.45p on the left and the right by Ei, and then use the relations 
in (12:12]) to get 

EiEi-^iEi = EiTiTi^iEiT-_^-^T^ ^Ei = EiTiJ^iEiT^j\^Ei = zEiT.-j^-^Ei = Ei, 
so that ^ 

EiEi±iEi = Ei, and Ef = (l + Ei (2.46) 

is obtained by multiplying the first equation in (j2.45p by Ei and using ()2.42p . Thus, from the 
first relation in (12.430 . 

^0^ = ^ + ^^^ ^^^^ m - z-'m + q-'){Ti - q) = 0, (2.47) 

since (T, - z-^){Ti + q-^){T^ - q)Tr^ = (T, - z-'){Tf - {q - q-^)Ti - l)T-^ = (T, - z-^){Ti - 
-{q- q~^)) = {Ti - z~^){q - q-^){-Ei) = -{z'^ - z^^){q - q~^) = 0. The relations 

Ei+iEi = Ei+iTiTi+i, EiEi+i = T^^-^^T- ^-Ej+i, (2.48) 

TiEi+iE, = Tr^\Ei, and E,+iE,Ti+i = E,+iTr\ (2.49) 
follow from the computations 

Ei+iTiTi+i = z{Ei+iT- ^ Ei+i)TiTi+i = z{z "^£'j+iT^_,„\)T'- ^£'j+iTjTj+i = EiJ^iEi, 
^i^iT- '^EiJ^i = T^^-^T^ '^{z "^E'j+iTjKj+i) = Tj^\r. ^z ^ Ei+iTizTiJ^iEi+i = EiEi+i, 
TiEi+iEi = TiEi+i{T-^E,z~^) = z~^Tr^^E,Ti+iEiZ~^ = Tr^\zEiZ-^ = Tr^\E„ and 
Ei+iEiTi^i = Ei^iT-^^zEiTi^i = zEi^iTiEi+iT- = zz ^Ei^iT- ^ = Ei^iT- 

Remark 2.7. A consequence (see (I3.26P ) of the defining relations of Wk is the equation 

7- _ _^ f_\ f y+, _ p _ -ju^ - q^){u^ - q~^) p 

q-q-^ u^-lj [^^ ^ q-q-^ ^2 _ J " (^2 _ _ ^-1)2 ^l' 
where and Zq are the generating functions 

= E 4'^--' Z^ = Z^n-^. 

This means that, unless the parameters Z^ are chosen carefully, it is likely that E'l = in Wk- 
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Remark 2.8. From the point of view of Schur-Weyl duality for the affine BMW algebra (see 
|ORj and |Raj ) the natural choice of base ring is the center of the quantum group corresponding 
to the orthogonal or symplectic Lie algebra which, by the (quantum version) of the Harish- 
Chandra isomorphism, is isomorphic to the subring of symmetric Laurent polynomials given 
by 

C = {z € C[Lf\ Lt'f^ I z{Li,L2, . . . , L,) = z{L^\L2, U)}, 



where the symmetric group Sr acts by permuting the variables Li, . . . , L,.. Here the constants 
Zq & C are give 
normalization, to 



are given, explicitly, by setting the generating functions Zq and Zq equal, up to a 



n {u - qLj) {u - qL.^ ^) T-[ {u - q ^U) {u - q ^L- ^) 



■^(■u-g ^Li) {u-q-^L^^) fj;^ {u - qLi) (u-qL-^) 

respectively. This choice of C and the Zq are the universal admissible parameters for Wk- This 
point of view will be explained in |DRV| . 

Remark 2.9. Careful manipulation of the defining relations of Wk provides an inductive pre- 
sentation of Wk as 

Wk = Wk-iEk^iWk-i + Wk-iTk-iWk^i + Wk^{r-\Wk^i + Wk-iYlWk-i 
(see |GHH Prop. 3.16] or |Ha3j ). and provides that 

EkWkEk = Wk-iEk and ^ ^ ^ EkbEk 

is a (VFfc_i, VFfc_i)-bimodule homomorphism (see |GHH Prop. 3.17]). These structural facts are 
important to the understanding of Wk by "Jones basic constructions". Under the conditions 
of Theorem 14.4( a) it is true, but not immediate from the defining relations, that the natural 
homomorphism Wk-i Wk is injective so that Wk-i is a subalgebra of Wk (see [GHH Cor. 
6.15]). 



2.4.1 Quotients of Wk 

The affine Hecke algebra Hk is the affine BMW algebra Wk with the additional relations 

Ei = 0, for i = l,...,k-l. (2.50) 

Fix bi, . . . ,br € C. The cyclotomic BMW algebra W^^kibi, . . . ,br) is the affine BMW algebra 
Wk with the additional relation 

(yi - 6i) • • • {Yi - br) = 0. (2.51) 

The cyclotomic Hecke algebra Hr^kibi, . . . ,br) is the affine Hecke algebra Hk with the additional 
relation (f23T]) . 

Remark 2.10. Since the composite map C[y,^^, . . . , Y^^] CBk Wk Hk is injective and 
the last two maps are surjections, it follows that the Laurent polynomial ring C[Y]^^^, . . . j^^^*^^] 
is a subalgebra of CBk and Wk- 
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Remark 2.11. A consequence of the relation ()2.51|) in Wr^kibi, ■ ■ ■ ,br) is 



Zo+ + ^-^)£.= ('^ + ^)(n^)i;,. (2.52) 
Q — Q ^ — 1 \q — q ^ w^ — IJX-'-^u — Oil 



This equation makes the data of the values 6j almost equivalent to the data of the Zq . 

3 Identities in afRne and degenerate afRne BMW algebras 

In |Nazj ■ Nazarov defined some naturally occurring central elements in the degenerate affine 
BMW algebra Wk and proved a remarkable recursion for them. This recursion was generalized 
to analogous central elements in the affine BMW algebra Wk by Beliakova-Blanchet |BBj . In 
both cases, the recursion was accomplished with an involved computation. In this section, 
we provide a new proof of the Nazarov and Beliakov-Blanchet recursions by lifting them out 
of the center, to intertwiner-like identities in Wfc and Wk (Propositions I3.1b nd 13. 5p . These 
intertwiner-like identities for the degenerate affine and affine BMW algebras are reminiscent of 
the intertwiner identities for the degenerate affine and affine Hecke algebras found, for example, 
in [KRl Prop. 2.5(c)] and |Rall Prop. 2.14(c)], respectively. The central element recursions of 
[Naz] and |BBj are then obtained by multiplying the intertwiner-like identities by the projectors 
Cfc and Ek, respectively. We have carefully arranged the proofs so that the degenerate affine and 
the affine cases are exactly in parallel. 

3.1 The degenerate afRne case 
Let u he a variable. 



uf = — - — , and note that ufut, = --^ -{u^ + ut_,). (3.1) 



By (j2:25|) and the definition of in dMIJ, 

{u - yi+i)ts^ = ts^{u - yi) - {I - ei) and {u - yi)ts^ = ts^{u - yi+i) + {I - ei), 
which give 

ts^uf = n+ ^t,, + u+^^Ciuf - u+ and ^ = ufts, - ufeiuf^^ + n+ (3.2) 

respectively. 

Proposition 3.1. In the degenerate affine BMW algebra Wj+i, 



1 . 1 \ / 1 1 



1 - yi+i ' 2u - {yi + yi+i) J \ I - yi ' 2u - {yt + y^+i) 
^ -(2u - {yi + yi+i) + l){2u - [yj + yj+i) - 1) 
{2u - {yi + yi+i)Y 

and 



(3.3) 



ut,^ + to — ei I — ut ( uf., + t,. — e,- i uf (3.4) 

' '2u-{y, + yi+i)) * V '2u-{yi + yi+i)^ ' ^ ^ 

( tsiuftsi + tsi - ei- ■ r I - uZ^ ( eiujei + eei - ei- ■ r I ul^i- 

V 2u-{yi + yi+i)J V 2u-{yi + yi+i)J 
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Proof. Putting (|3.ip into the first identity in (j3.2p says that if 

1 , , 1 

A = tsi + -, ■ r and B = eiuj + t^^ - ■ r 

then 

follows from (12:23]) and ^(TM . So 



Aut = ut^'iB, and Aci = eiA 



eiuf,^ - ts, - — p-^— r ) (e^uf + t ^ 



2u - {yi + yi+i) J \ * ' 2u - {y, + y,+i) _ 
Ciuf^^B - AB = eiAuf - AB = Aauf - AB = A{eiuf - B) 

ts, + r^- r I its, ^ 



2u - {yt + yt+i) J \ ' 2u-{yi + yi+i] 



and multiplying out the right hand side gives ()3.3p . 
Multiplying the second relation in (j3.2p by tg, gives 



and again using the relations in (|3.2p gives 



Using (|3.ip and 

i ) 1 

. 2u - {yi + yi+i) J 2u- {yi + yi+i) 



adding tg, - ( — — ^ ) - 7^;^^ ^ — -uteiuf_^-^ to each side 



gives 



'' 2« - {yi + yi+i) J V"^'^^ ' 2m - {yi + yi+i 

1 ^ / ^ . 1 



t..^. is, + ts. e. 2^ _ ^ ^^^^^ n,^, ^e,n, + t,, _ ^ ^^^^^ ) e.n,^, 



1 \ ^ / ^ 1 



completing the proof of ()3.4p . □ 
Introduce notation z^^-^^Ci and the generating function Zi-i{u)ei by 

Zi-i{u)ei = ^ ^-i^^i'""^ ^ X] yi'^~^ 1 ^ ^' l-^ -1 ^'' '^^■^^ 

By [MRI Lemma 4.15], or the identity ^M) below, G for £ G Z>o. If 

-1^-^, +-+- ± Zi-l{±u) 
U: = — ; then eiUj,. = CiU, , uZ^ei = u- a, CiU, = Cj, (3.6) 

where, for i = 1, the last identity is a restatement of the first identity in (I2.24p . The identities 
(13^1) . (ISlHIl . and ([SJD of the following theorem are [Nazi Lemma 2.5], [Nail Prop. 4.2] and [Nazi 
Lemma 3.8], respectively. 
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Theorem 3.2. Let zf}_^ and be as defined in ()3.5p . Then z^^-^ € Z(yVi-i), 

(zi_i(-n) - (i + eu)) (2;i-i(n) - - eu)) = - eu) + eti)ei, (3.7) 
( t \ ^ i\ I ( \ . i\( {{u + Vif -l){u-yif \ 

[Zi{u) + eu- i2)ei+i = \Zi~i[u) + eu- ^) \ — \2_^\t i — ^iP^^+i' ^^-^l 



k-l 



^2 



{z,.,{u) + eu- ,)e.+i = (zo(n) + 6^ - ,) + ,^^)2(, _ + _ _ i) ^m- (3.9) 

Proof. Since the generators t^n ■ ■ ■ , isi_2 > ei , . . . , ej_2 and yi, . . . , yj„i of Wj-i all commute with 
Cj and it follows that z.l^'i G .^(Wi_i). 

Multiply p.Sp on the right by to get (]3.7p . since (^ — u)(| + u) = (^ — en)(^ + en). 

Multiplying (j3.4p on the left and right by e^+i and using the relations in (j2.27p . (j2.28p and 
(1229]), 

ei+itsiuftsiei+i = ei+itsitsi+iul^si+its^ei+i = ei+ieiufeiCi+i, and 
ei+iuf^^eiuf_^-^ei+i = ei+iu^ eiU~ ei+i = ei+ieiei+iu~ = (n,")^ei+i, 



gives 



So (|3.8p follows from 

v2 



1 - (^")^ _ 1 " (^) _ (^^^ + + yf - l)(n - Vif _{u + Vi - l){u + yi + l){u- yif 



l-{u+Y ^y2-2yiU + y^i-l){u + yiY {u - y, - l){u - y^ + l){u + y^Y' 

Finally, relation (j3.9p follows, by induction, from (j3.8p . □ 
Remark 3.3. Using the expansion 



1 vT^ 



u — a 1 — an' 

and taking the coefficient of n"^^'^^^ on each side of the relations in (13. 2p gives 

= yUits, - {y',+l{l - e.) + yf;? (l - e,)y. + ••• + (!- e,)yt'), and (3.10) 
= y%, + ?/,'"'(! - e.) + yt\l - ei)y^+i + • • • + (1 - e,)yf;^, (3.11) 

respectively. 



Remark 3.4. Taking the coefficient of n * on each side of ()3.7p gives a trivial identity for even 
s but, for odd s = 2^ + 1, gives 

(24!^" + 4!'; - 4»\ - .I!-"..'!', + ■ ■ ■ + .f\.f?)) e, = o (3.12) 

which is the admissibility relation in |AMR1 Remark 2.11] (see also |Nazl (4.6)].) 
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3.2 The afRne case 

Let u be a variable, 

Y- Y Y 

^t = -^, and note that [/+[/+ ^ = ^^t^(f/+ + [7+^ + 1). (3.13) 

By the definition of Ei in ^T^ . 

(u - Yi,+i)Ti = T,{u - Yi) -{q- q-^)Y,+i{l - E,), 

and, by (fXiill . 

{u - Yi)T, = Ti{u - Yi+i) + {q- q-^){l - E,)Yi+,, 



so that 



T,^ = ^-^T,-{q-q~')^^{l-E,)^, and (3.14) 
u-Yi u- Yi+i u - Yi+i u-Yi 

Ti—^ = -^T, + {q- q~')^{l - E^)^^. (3.15) 
u - Fj+i u-Yi u-Yi u- Yi+i 



The relations 

mt = U+,T-^ -{q- q-')U+,{l - E,)U+ 

= Ul,{Tr^-{q-q-^){l-Ei)Ut). and 

Tr'Ut+, = U+T, -{q- q-^)UtE,Ul, + {q - q-')Ut+,Ut 
= U+{T, + {q-q~'){l-E,)U+,) 

are obtained by multiplying (I3.14p and ()3.15p on the right (resp. left) by Yi and using the relation 
TiY, = Y,+iT-\ 

Proposition 3.5. Let Q = q — q~^ . Then, in the affine BMW algebra Wj+i, 



(3.16) 



(3.17) 



u - Yi+i Q n2 - YiY,+i J y^\-Y,^ Q u^ - Y,Yi+i 
(n2 - q^Y^Yi+i){u^ - q-~^Y,Y^+i) 



g2(^2_y^y^^^)2 



and (3.18) 



Ti ^ YiYij^i \ ^2(TT+ , 'i\ ( TT+ I '^^ TP. ^i^i+l \ TT+ 



Ti YiYi^i \ ^2tt+ ( tptt+tp 



Proof. Putting ([XT3]) into (f3J6|) says that if 

A = ^+ and B = EiU+ + ^^^ 



Q u-'-YCYi+i ' ' Q u^-Y,Yi^r 

then 

YY 

AU+ = U+^,B- . Next, AE, = E,A 
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follows from (l2:i2]) and ([233]). So 



u - Q u2 - y,K,+i ; n - Q v? - Y^y.+i 



_ Q ^ n2 - y,y,+i J\Q u^- y,y,+i ; ^ * ^2 - y,y,+i ' 

and, by (|2.45p . multiplying out the right hand side gives (j3.18p . 
Rewrite Tr^U+, = + - ^ + 1) as 

T~'Ut+, - Q{U+, + l)Ut = U+Tr^ - QUtmu+, + 1), 

and multiply on the left by Tj to get 

C/ii - QT^{Ut+, + l)Ut = m+T-' - QT,U+Ei{Ut,, + 1). (3.20) 

Then, since Tj = T^^ + Q{1 — Ei), equations (j3.17p and (j3.16p imply 

T.(C/+ 1 + 1) = QiU+ + 1) Q + (1 - E,,)U+,^ and T,,U+ = - (1 - i?,)f/+) , 

and so dOOjl is 

Ki - Q'iUt + 1) (I + (1 - (3.21) 
= T.UtTr^ - Q^Ul, - (1 - E,)Ut^ E,{Ul, + 1). 

Using (|3.13p and 

adding ^-E, ^^^+^ -Q2 ^^^+1 ([/+ + l)E,([/+^ + l) to each side 
of (I3:2TD gives 



= T,c/+r,-i + ^ - /^^^+^ q2^+ ^ + - Ei J"^'^' ] (C/+ , + 1), 

* * g u2-yiyi+i ^ »+i \^ » » g *u2-yiyi+iy^ ^' 

completing the proof of (|3.19p . □ 
Introduce notation Zl_^Ei and generating functions Z^-^^Ei and Z^_^Ei by 

= E 4-?^^^"' = E ^r'^~' I = E. _^ E,. (3.23) 
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By [GHTI Lemma 3.15(1)], or the identity ([3:28]) below, zf\ G Wi_i for £ G Z. If 

C/r = J_^ then = 1 + (3-24) 

by the second relation in (j2.46p . and 

E,Ut,^ = E,U-, U+,E, = U-E„ EiUtE, = {Zt^-Zl%)E„ (3.25) 

where, for i = 1, the last identity is a restatement of the first identity in ()2.43p . In the following 
theorem, the identity (|3.26|) is equivalent to |GHH Lemma 2.8, parts (2)and (3)] or |GH21 Lemma 
2.6(4)] (see Remark ES]) and the identity ([3:271) is found in Lemma 7.4]. 

Theorem 3.6. Let Z^^\ and the generating functions Zf_^ and Zj^_^ be as defined in ([3.22p and 
([3:23]) . Then Zf\ € Z(Wi_i), 



(3.26) 



(^2 - l)2(g_g-l)2 



^ li2 



'^t ^ ^ 9 7 ) 

* q- - Ij 

Zt.^^-^) (-^-^^(r^"^'^-"^^^"^^'^-"^^^, and (3.27) 

'^q-Q-' u^-l) [l\ {u - Y-^iu - g2y,)(n - g-'Yi) ) ^''''^ 

Proof. Since the generators Ti, . . . , Ti_2, £"1, . . . , Ei-2 and Yi, . . . , y^-i of Wi-i all commute 
with and Yi, it follows that zf\ G 2'(VFi_i). 

Multiply (I3J8]1 on the right by Ei and use zf\ = I + [z - 2"^)/(g - g"^) to get (l3:26]l . 
Multiply ([3lB on the left and right by Ei+i and use the relations in ([232]), (IZiSl) . ([236]), 

and 

Ei+iTiU^T^ '^EiJ^i = Ei^iTiTi+iU^T-^-^T- "^-Ej+i = EiJ^iEiU^ EiEi+i, 

to obtain 

* i * i q- q- 
Then ([3.27p follows from 



1 - (g - g-^)2C/r(C/,- + 1) 1 " " ^-')'::^ + 1 



1 - - + 1) 1 - (, - ,-1)2^ + 1 

((n - yr')' - (9 - (^ _ g-2y-i)(n - q'Y-'){u - Y,) 



{{u - y,)2 -{q- g-i)2y^n)_^ _ q~^Yi)iu - q'Y,){u - Yf^ 
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and Z^^^ = zf}_Y = 1 + — z — Finally, relation (j3.28p follows, by induction, from 

([3221). □ 

Remark 3.7. Taking the coefficient of u~^^^^^ on each side of ()3.14p and ()3.15p gives 

r,y/ = y/+ir, - (<? - g-i)(y/+i(i - i?.) + y/^i^i - i?.)^* + • • • + - i?.)^/-'), (3.29) 

r,y/+i = y/T, + (g - g-i)(y/-Hi - + ^/"'(i - + ••• + (!- (3.30) 

respectively, for I e Z>o. Therefore, 

T.yr' = y,;lr, + (g - g-^) (y,;r'^(i - i?.)^^-' + • • • + (1 - e,)y-'\ , (3.31) 



= y^'T, ( >^r'(l -E.) + --- + Yr^l - Ei)Y-t'A . (3.32) 



(3.33) 



Remark 3.8. Combining (|3.26p and (|3.28p yields a formula for Z^_-^ in terms of Z^ and 
Yi,Y2,...,Yk-i. Using = 1 + rewrite as 

(zZ-,-z-1z+i-(z-.-^)zS)e, 

= - r^) (^(^1 + ^1 - ^°\) - (^^1 - {zU -z\\))e^ 

and take the coefficient of in ()3.26p to get 
from jGH2l Lemma 2.6(4)]. 

4 The center of the afRne and degenerate afRne BMW algebras 

In this section, we identify the center of Wfc and Wk- Both centers arise as algebras of symmetric 
functions with a "cancellation property" (in the language of |Prj ) or "wheel condition" (in the 
language of |FJ+| ). In the degenerate case, Z{Wk) is the ring of symmetric functions in yi, . . . , 
with the Q-cancellation property of Pragacz. By |Prl Theorem 2.11(Q)], this is the same ring 
as the ring generated by the odd power sums, which is the way that Nazarov |Nazj identified 
Z{Wk). 

The cancellation property in the case of Wk is analogous, exhibiting the center of the affine 
BMW algebra Z(Wk) as a subalgebra of the ring of symmetric Laurent polynomials. At the 
end of this section, in an attempt to make the theory for the affine BMW algebra completely 
analogous to that for the degenerate affine BMW algebra, we have formulated an alternate 
description of Z{Wk) as a ring generated by "negative" power sums. 

4.1 AbasisofWfc 

A (Brauer) diagram on k dots is a graph with k dots in the top row, k dots in the bottom row 
and k edges pairing the dots. For example, 

is a Brauer diagram on 7 dots. (4.1) 
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Number the vertices of the top row, left to right, with 1,2, ... ,k and the vertices in the bottom 
row, left to right, with 1', 2' , . . . ,k' so that the diagram in (|4.ip can be written 

d = (13)(21')(45)(66')(74')(2'7')(3'5'). 

The Brauer algebra is the vector space 

Wi^k with basis = { diagrams on k dots }, (4-2) 

and product given by stacking diagrams and changing each closed loop to x. For example, 



The Brauer algebra is generated by 

i j+l i i+1 



Setting 



X = Zq°^ and Si = ets^ 

realizes the Brauer algebra as a subalgebra of the degenerate affine BMW algebra Wfc. The 
Brauer algebra is also the quotient of Wfc by yi = and, hence, can be viewed as the degenerate 
cyclotomic BMW algebra Wi,fe(0). 

Theorem 4.1. Let Wk be the degenerate affine BMW algebra and let Wr^kiW, ■ ■ ■ ,br) be the 
degenerate cyclotomic BMW algebra as defined in ()2.23p - (j2.24p and (|2.3ip . respectively. For 
ni, . . . ,n]^ € Z>o and a diagram d on k dots let 

" yii "■yie+i yi^ ' 

where, in the lexicographic ordering of the edges {ii,ji), ■ ■ ■ , {ikiJk) of d, ii, . . . ,i£ are in the top 
row of d and i^+i, ■ ■ ■ ,ik are in the bottom row of d. Let be the set of diagrams on k dots, 
as in (Oil. 



(a) If kQ) ki G C and 

(zo(-n)- (i + en)) {zoiu) - - e u)) = {l-eu){l + eu) (4.5) 

then I ^ £ ji^^ . . . , € Z>o} is a C-basis of Wfc. 

(b) If kq,ki € C, (|4.5p holds, and 

(zo(n) + n - 1) = (n - i(-l)^) (4-6) 
i/ien I d g < ni, . . . , nfc < r — 1} is a C-basis ofyVr,k{bi, ■ ■ ■ ,br). 
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Part (a) of Theorem HTT] is [Nazi Theorem 4.6] (see also |AMR1 Theorem 2.12]) and part (b) is 
[AMRl Prop. 2.15 and Theorem 5.5]. We refer to these references for the proof, remarking only 
that one key point in showing that | d G Dk,ni, . . . ^n^ € Z>o} spans Wfc is that if 

is a top-to-bottom edge in d, then 

Uid = dyj + (terms with fewer crossings), (4.7) 

and if is a top-to-top edge in d then 

yid = —yjd + (terms with fewer crossings). (4-8) 

This is illustrated in the affine case in (j4.24p . 

4.2 The center of Wfe 

The degenerate affine BMW algebra is the algebra Wk over C defined in Section 12.21 and the 
polynomial ring C[yi, . . . , yk] is a subalgebra of Wfc (see Remark [23]). The symmetric group Sk 
acts on C[yi, . . . ,yk] by permuting the variables and the ring of symmetric functions is 

C[yi,...,ykf'' = {f GC[yi,...,yk] \ wf = f,foTweSk}. 

A classical fact (see, for example, [KH Theorem 3.3.1]) is that the center of the degenerate affine 
Hecke algebra Hk 

Z{nk) = C[yi,...,ykfK 

Theorem 14.21 gives an analogous characterization of the center of the degenerate affine BMW 
algebra. 

Theorem 4.2. The center of the degenerate affine BMW algebra Wk is 

TZk = {f e C[yu.. ..ykf'' \ f{yi, -2/1,2/3, ■■■,yk) = /(0,0,y3, . . .,yk)}- 

Proof. Step 1: f £ Wfc commutes with all yi f G C[yi, . . . , yk]: 
Assume / € Wfc and write 

in terms of the basis in Theorem 14.11 Let d € Dk with the maximal number of crossings such 
that c^i'---'"-* ^ and, using the notation before (j4.2p . suppose there is an edge {i,j) of d such 
that j / i'. Then, by gT} and 

the coefficient of j/jd"^'"''"* in yif is c^i'---'"* 

and 

the coefficient of yid^^''"'^'' in fyi is 0. 

If yif = fyi, it follows that there is no such edge, and so d = 1. Thus / G C[yi, . . . ,yk]- 
Conversely, if / G C[yi, ...,yk] then yif = fyi. 

Step 2: / E C[7/i, . . . , yk] commutes with all ts^ ^ f G TZk-' 
Assume / G C[yi, . . . ,yk] and write 

/ = ^ y'tylfa,h, where fa,b e C'[y3, . . . ,yk]- 
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Then /(0, 0,2/3, = ^ /a,b and 

f{yi,-yi,y3,...,yk)= Yl (-i)V^Va,fe = J] 

a,feeZ>o ^GZ>o \b=0 / 



(4.9) 



(4.10) 



By direct computation using (j3.10p and (j3.1ip . 

and it follows that 

Thus, if f{yi,-yi,y3,---,yk) = /(0, 0, ys, . . . , y^), then 

J^(-l)'/£-M = 0, for £ / 0. (4.11) 

6=0 

Hence, if feC[yi, . . . ,ykf'' and /(yi, -yi, ys, . . . , y^) = /(0, 0, ys, . . . , y^) then si/ = / and, 
by (fOj) . (|4.1ip holds so that, by (|4.10p . t^-^/ = /t^-^. Similarly, / commutes with aU t^.. 
Conversely, if / G C[yi, . . . , yfc] and t^J = fts^ then 

e 

Sif = f and ^(-l)^-V^_,_, = 0, for£/0, 

6=0 

SO that / G C[yi,.. .,yfc] ^fe and /(yi, -yi, ys, • • • , yfc) = /(0, 0, ys, . . . , yfc). 

It follows from (l2:2TD that = Z{Wk)- □ 

The power sum symmetric functions pi are given by 

Pi = y\ + yi + ■■■ + yi, foriGZ>o. 

The Hall-Littlewood polynomials (see [Mac! Ch. Ill (2.1)]) are given by 

Pxiy;t) = Px{yu---,yk;t) = ^^Y.^iyi'---yt U ''''''' 



Vx{t) ^ \ Xi-Xj 



where i'A(i) is a normalizing constant (a polynomial in t) so that the coefficient of y^^ ■ ■ ■ y^**' in 
P\{y]t) is equal to 1. The Schur Q-functions (see [Mac! Ch. Ill (8.7)]) are 



Q 



A 



{0, if A is not strict, 

2^(^)Pa(2/;-1), if a is strict. 



where i{X) is the number of (nonzero) parts of A and the partition A is strict if all its (nonzero) 
parts are distinct. Let TZ^ be as in Theorem 14.21 Then (see [Nazi Cor. 4.10], |Prl Theorem 
2.11(Q)] and [MiHl Ch. Ill §8]) 

Tlk = C[pi,p3,p5, . . .] = Cspa.n-{Qx \ A is strict}. (4.12) 
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More generally, let r G Z>o and let be a primitive rth root of unity. Define 



TZr,k = {fe Z[C] [yi, . . . , vkf" I f{yi, (yi, • • • , C 
Then 



yi,yr+i, ...,yk) = /(0,0, . . . ,0,y,.+i, . . . ,yk)}- 
7^r■,fc 0Z[C] Q(C) = Q{0[P^ 1^/0 mod r], (4.13) 



and 



TZr^k has Z[C]-basis {PA(y;C) I i^^iW < and Ai < k}, 



(4.14) 



where mi{X) is the number parts of size i in A. The ring is studied in |Moj . |LLTj . [Mac! 
Ch. Ill Ex. 5.7 and Ex. 7.7], [E], [FJ+1 , and others. The proofs of ([iT3]l and i^^A^ follow from 
|Macl Ch. Ill Ex. 7.7], |Tol Lemma 2.2 and following remarks] and the arguments in the proofs 
of |FJ+i Lemma 3.2 and Proposition 3.5]. 

Remark 4.3. The left ideal of W2 generated by ei is C[yi]ei. This is an infinite dimensional 
(generically irreducible) VV2-module on which Z(yV2) acts by constants. Thus, as noted by 
[AMRl par. before Ex. 2.17], it follows that W2 is not finitely generated as a Z(yV2)-module. 

4.3 A basis of Wk 

An affine tangle has k strands and a flagpole just as in the case of an affine braid, but there is 
no restriction that a strand must connect an upper vertex to a lower vertex. Let and Tj be 
the affine braids given in ()2.37p and let 



IIIXII 



(4.15) 



Goodman and Hauchschild |GHH Cor. 6.14(b)] have shown that the affine BMW algebra Wk is 
the algebra of linear combinations of tangles generated by X^^, Ti, . . . , Tf^-i, Ei, . . . , Ek_i and 
the relations (|2.42p . (j2.43p and (j2.45p expressed in the form 




r 



and 



loops 



and 




^ = z 



-1 



n 



o 



z — z 



q-q- 



(4.16) 
(4.17) 

(4.18) 
(4.19) 



Theorem 4.4. Let Wk be the affine BMW algebra and let ^(61, . . . , 6^) be the cyclotomic 
BMW algebra as defined in Section \2.4\ Let d G Z)fc be a Brauer diagram, where is as in 
(j4.2p . Choose a minimal length expression of d as a product of ei, . . . , Ck-i, si, . . . , Sk-i, 



d = ai---ae, aj G {ei, . . . ,efc_i,si, . . . ,Sk-i}, 
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such that the number of Si in this product is the number of crossings in d. For each ai which is 
in {si, . . . , Sfc-i} fix a choice of sign ej = ±1 and set 



For ni, . . . , rifc € Z /et 



Ai---Ae 



rpni,...,nk 



where 



if aj 
if aj 



Si. 



yni yr^^^^ y"^+l y'^fe 
" it d. ii+i " ik ' 



where, in the lexicographic ordering of the edges (ii, ji), . . . , {ik,jk) of d, ii, 
row of d and ie+i, ■ ■ ■ ,ik o.^^ in the bottom row of d. 

(a) If 



u 



u 



then |j'^i'---'"fe I d g j)^^ . . . ,nk £ "^j is a C -basis ofWk- 



-(n2 - g2)(^2 



, ii are in the top 



(4.20) 



-1\2 



(b) If (On]) holds and 



q-q- 



+ 



uz 



in 



u 



(4.21) 



then I d g g < . . . ,71^ < r — 1} is a C-basis of Wr^ki^i, ■ ■ ■ ,br). 

Part (a) of Theorem 14.41 is |GH21 Theorem 2.25] and part (b) is |GH21 Theorem 5.5] and 
|WY21 Theorem 8.1]. We refer to these references for proof, remarking only that one key point 
in showing that | £ ^^^^^ . . . , G Z} spans is that if {i,j) is a top-to-bottom 

edge in d then 

YiTd = TfjYj + (terms with fewer crossings), 
and, if {i,j) is a top-to-top edge in d then 

YiTrf = Yj~^Tfi + (terms with fewer crossings). 

As an example, let d = 5163556264615355 and choose ei = 63 = —67 = eg = 1. Then 



(4.22) 
(4.23) 




and 




so that Td = TiE-iT^E2EiEiT^ ^T^ and T^''^' ^''^'^''^ 



^ ^\ 

Y^Y^Y-'^TdYl . Then, since (1,6) is a 
horizontal edge in d, (I4.23|) is illustrated by the computation 

Y^Td = TiE-iY^T^E2EiEiT^^T^ = TiE^iT^Y, + {q - q-^^)Y6{l - E^))E2EiEiT^^n 
= TiE-iT^E2Y^EiEiT2^ ^T^ + • • • = TiE^T^E2Y^ ^E^EiT^ ^T^ + • • • 
= TiE-iY^^nE2EiEiT^^n + ■■■= TiE:iY:iT^E2E^EiT^^T^ + ■■■ (4.24) 
= TiE-iT^Y^E2EiEiT2^ ^T^ + • • • = T1E3T5Y2 ^ E2E4EiT^ ^T^ + ■ ■ ■ 
= TiY^^E-inE2EiEiT^^n + ■■■ = Yf^TiEsnE2E^EiT^^n + • • • , 
where + • • • is always a linear combination of terms with fewer crossings. 
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4.4 The center of Wk 

The affine BMW algebra is the algebra Wk over C defined in Section 12.41 and the ring of Laurent 
polynomials C[Y'f^^, . . . j^^!'^^] is a subalgebra of Wk (see Remark l2.10p . The symmetric group 
Sk acts on C[Y]^^, . . . , Y^^] by permuting the variables and the ring of symmetric functions is 

C[Y,^\ . . . , = {/ G C[Y,^\ • • • , Y^'] \wf = f, for w G 5^. 

A classical fact (see, for example, |GVl Proposition 2.1]) is that the center of the affine Hecke 
algebra Hk is 

Z{Hk) = C[Y^^\...,Y^^^f>'. 
Theorem 14.51 is a characterization of the center of the affine BMW algebra. 
Theorem 4.5. The center of the affine BMW algebra Wk is 

Rk = {fe C[Y,^\ Y.^'f^ I /(Fi, yf \ Fs, ...,Yk) = /(1, 1, 13, . . . , n)}. 

Proof Step 1: f eWk commutes with all Yi ^ f e C[Y^^, . . . ,Y^^]: 
Assume / G Wk and write 

f _ \^ ■ni,...,nkrpni,...,nk 
J — Z^'-d ' 

in terms of the basis in Theorem 14. 4[ Let d G Dk with the maximal number of crossings such 
that c^i''"'"'' 7^ and, using the notation before (j4.2p . suppose there is an edge (z,j) of d such 
that j ^ i'. Then, by (|i:22]) and (g^S]), 

the coefficient of YjT^^''"'^'' in Yif is c'^^''"'"''" 



-d 

and 



the coefficient of yy: q. 



If Yif = fYi it follows that there is no such edge, and so d = 1 (and therefore = 1). Thus 
/ G C[Y^\ . . . , Y^\ Conversely, if / G C[Y^\ Y^% then Yif = fY,. 
Step 2: f G C\Y^^ , Y^'^] commutes with all Ti <^ f £ Rk: 
Assume / G C[Yf^, . . . , Y^^] and write 



f=Yl YiYifa,b, where fa,b €C[Y^''\..., Y, 



' -'fc J 



a,beZ 



Then /(1, 1, Fa, . . . , n) = 5^ /a,fe and 



f{Y^,Y,~\Ys,...,Yk)= ^ l^rVa,6 = 5]nM E/^+^H ■ ^^-^^^ 

By direct computation using (j3.30p and (13.32p . 

TiY,-Y,' = Y.-YiT.Yf = siiY,-Yi)T, + (q - q"^)^Iltz^^^ + £^_^^ 

1 — Y1Y2 
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where 



r=l 



r=l 

0, iii = 0. 



It follows that 



Ti/ = (si/)ri + {q-q 



^ ^1^2 \beZ / 



(4.26) 



Thus, if f{Yu Y^-\Y3, . . . , n) = /(1, 1, ^3, • • • , Yk) then, by (gSH]), 

5^/w = 0, for^^O. 



(4.27) 



Hence, if / G C[Y,^\ Y^'f^ and f{Yi,Yf\Ys, . . . ,Yk) = /(1, 1, • • • , n) then si/ = / 
and (j4.27p holds so that, by (|4.26p . Tif = fTi. Similarly, / commutes with all Tj. 
Conversely, if / G C[Y^\ . . . , Y^^] and TJ = fTi then 

Sif = f and ^ = 0, for £ / 0, 



so that / G C[y±\ . . . , Y^^f^ and /(Fi, \ Fg, ■ ■ ■ , n) = /(1, 1, 13, ■ ■ ■ , n)- 
It follows from IEAT\\ that ii^ = Z(Wfc)- 

The symmetric group Sk acts on Z'^ by permuting the factors. The ring 

C[Y^^, Yfc^Y' has basis {mx \ X e with Ai > A2 > • • • > A^}, 

where 



□ 



mx=J2 Yr---Y, 



The elementary symmetric functions are 

Cr = m(jr Qfe-j-) and C—r = mf^Qk-r (•_]^)r), 
and the power sum symmetric functions are 

The Newton identities (see jMacj Ch. I (2.11')]) say 



for r = 0, 1 



, -L, . . . , 



for r G Z>o- 



and £e_£ = E(— 1)*" ^P-rC 



■(£-r)) 



(4.28) 



r=l 



r=l 



where the second equation is obtained from the first by replacing Yi with Y^ ^. For £ G Z and 
A = (Al,...,Afc)GZ^ 

eimx = mx+(^ik), where A +(£'') = (Ai +£,..., Afc + ^). 
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In particular, 

C-r = e'j^^ek-r, for r = 0, . . . ,k. (4.29) 

Define 

pf =Pi+ P-i and p~ =Pi- p-i, for i G Z>o. (4.30) 
The consequence of K29\\ and (1428]) is that 

C[y±\...,y±Y'-=C[ef ,ei,...,efc_i] 

= C[ef^][ei,e2, ■ ■ ■ ,e^k^,eke_^k^^, . . . , efce_2, efce_i] 

= C[e^^][ei, 62, . . . , e^fej , e.^fc^j , . . . , e_2, e_i] 



fc j[Pi,P2, • • • • • • 'f'-2>P-lJ 

^S^l, ^2, ^ 

2 J L 2 



[Sfc \[Pl ,Pi,...,P^kyP^k_l^,---,P2 ,Pl 



For 1/ G Z''' with z^i > • • • > > define 

pt=PX---pte and p-=p-...p-. 

Then 

C[y±i, . . . has basis {elp+p; \ i G Z,^(A) < L|j,^(/x) < L^J}- (4.31) 

In analogy with (14.12P we expect that if Rk is as in Theorem 14.51 then 

Rk = C[ef]\p^,p^,...]. (4.32) 

Remark 4.6. The left ideal of W2 generated by Ei is C[Y-^'^]Ei. This is an infinite dimensional 
(generically irreducible) Vl/2-module on which Z(W2) acts by constants. It follows that W2 is 
not a finitely generated Z(VF2)-module. 
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